
W57. In all triangle ABC holds

 sin2 A
2
cos2A 

3 s2  2R  r2

8R2

Mihály Bencze and Marius Drăgan.

Solution by Arkady Alt, San Jose, California, USA.

Since cos2A 
4Rr  6R2  r2  s2

2R2
and cos3A 

2R  r3  3s2r

4R3
 1

then sin2 A
2
cos2A  1

2
1  cosAcos2A  1

2
 cos2A   cos3A 

1
2

4Rr  6R2  r2  s2

2R2


2R  r3  3s2r

4R3
 1 

8R3  4R2r  4Rr2  r3  2R  3rs2

8R3

and  sin2 A
2
cos2A 

3 s2  2R  r2

8R2


8R3  4R2r  4Rr2  r3  2R  3rs2

8R3

3 s2  2R  r2

8R2


8R3  4R2r  4Rr2  r3  2R  3rs2  3R s2  2R  r2 

3R2R  r2  4Rr2  4R2r  8R3  r3  5R  3rs2 

(1) 20R3  8R2r  Rr2  r3  5R  3rs2.

Since s2  2R2  10Rr  r2  2R  2r RR  2r (Fundamental Geometric Inequality)

and R  2r (Euler’s Inequality) remains to prove inequality

20R3  8R2r  Rr2  r3  5R  3r 2R2  10Rr  r2  2R  2r RR  2r 

20R3  8R2r  Rr2  r3  5R  3r2R2  10Rr  r2  25R  3rR  2r RR  2r 

10R3  36R2r  34Rr2  4r3  25R  3rR  2r RR  2r 

(2) 5R3  18R2r  17Rr2  2r3  5R  3rR  2r RR  2r .

Let t : R
r .Then t  2 and (2) 5t3  18t2  17t  2  5t  3t  2 tt  2 .

We have 5t3  18t2  17t  2  5t  3t  2 tt  2 

t  25t2  8t  1  5t  3t  2 tt  2  t  2 5t2  8t  1  5t  3 tt  2 

t  25t2  2t  1

5t2  8t  1  5t  3 tt  2
 0


